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ABSTRACT

Reinforcement learning for Large Language Models (LLMs) frequently employs
token-level clipping of importance sampling ratios to ensure training stability.
While effective at preventing catastrophic policy shifts, this fine-grained clipping
can excessively truncate learning signals, limiting optimization efficiency. To ad-
dress this limitation, we propose ECHO, a novel RL method that combines batch-
level clipping with token-level learning signals. By performing clipping at the
batch scale rather than the token scale, ECHO preserves richer information dur-
ing optimization, allowing gradients to capture more global reward structures and
improving sample efficiency, leading to faster convergence and more stable train-
ing. Experimental results on mathematical and reasoning benchmarks show that
ECHO achieves competitive performance while converging substantially faster,
demonstrating its efficiency and robustness for aligning large-scale LLMs.

1 INTRODUCTION

Recent Large Language Models (LLMs), such as O1 ( , ), R1 ( ,

), and Kimi-k1.5 ( , ), have achieved remarkable progress on complex reason-
ing tasks through reinforcement learning (RL). Training on large-scale tasks with verifiable rewards,
including mathematical reasoning and programming, has been shown to significantly enhance the
reasoning capabilities of these models ( s ; ; s ).De-
spite these advances, scaling RL for LLM training remains challenging, prlmarlly due to the insta-
bility of optimization.

This instability arises from the distribution mismatch between new and old policies. Existing ap-
proaches typically adopt importance sampling clipping to alleviate this issue ( , ;
, ), yet most operate at the token level ( ;
, ). Token-level ratios often fail to capture the overall dlscrepancy between poh-
cies, and clipping at this granularity tends to suppress low-probability tokens. As a result, many
valuable learning signals are dlscarded thereby limiting optimization efficiency and slowing con-
vergence ( s ; ,

As illustrated in Figure la, token-level clipping frequently results in an excessive proportion of
tokens being truncated, even in cases where the overall sequence-level update remains relatively
small ( , , ). Such over-clipping diminishes the effective learning

signal and constrains pohcy exploration, thereby slowing convergence and limiting achievable per-
formance. Motivated by this limitation, prior work such as GSPO has proposed computing the im-
portance sampling ratio at the sequence level, applying it consistently to both clipping and advantage
weighting ( , ). This coarse-grained approach effectively alleviates excessive clip-
ping and yields a more stable optimization trajectory, suggesting that sequence-level ratios provide a
more reliable measure of the distributional discrepancy between the new and old policies. Building
upon this insight, and recognizing that modern PPO-style algorithms typically update policies on
mini-batches, we introduce a batch-level clipping strategy, in which the importance sampling ratio
is computed at the batch level and employed for clipping. This design mitigates instability caused
by large distributional gaps between policies, thereby improving both optimization efficiency and
convergence behavior.
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Figure 1: Comparison of GRPO, GSPO, and ECHO. (a) Clipping ranges for high- and low-ratio
tokens, showing that GRPO clips many tokens while GSPO and ECHO avoid excessive clipping
through coarser granularity. (b) Loss allocation across tokens, highlighting that GSPO applies uni-
form sequence-level ratios whereas ECHO distributes coarse-grained importance ratios more pre-
cisely, yielding a balanced and effective loss.

In addition to improving training stability, it is essential to preserve token-level learning signals.
As illustrated in Figure |b, methods such as GSPO assign the same sequence-level ratio to all
tokens ( , ), leading to identical weighted advantages across the sequence. This
uniform treatment overlooks the fine-grained differences among tokens, which are often crucial for
effective optimization. Capturing these token-level distinctions is therefore essential for retaining
rich learning signals and enabling more precise credit assignment during training.

In this work, we introduce ECHO, a novel optimization method to address the instability of rein-
forcement learning for Large Language Models. ECHO consists of two key components: Batch-
level CLIP, which computes importance sampling ratios at the level of PPO mini-batches and ap-
plies clipping at the batch scale to control distributional discrepancies and enhance training stabil-
ity; and Token-wise sampling, which preserves fine-grained token-level learning signals, avoiding
uniform weighting across sequences and ensuring that each token meaningfully contributes to op-
timization. Additionally, ECHO leverages batch-level ratios to reweight token-level advantages,
smoothing the advantage distribution while maintaining relative differences across tokens, thereby
improving both convergence speed and optimization efficiency. On benchmarks for mathematical
and logical reasoning, ECHO achieves efficient convergence with fewer training steps, demonstrat-
ing its ability to enhance both training stability and model performance.

2 PRELIMINARIES

Notation. In this paper, we denote a Large Language Model (LLM) as a conditional policy 7y,
parameterized by 6. For an input query ¢ € Q sampled from a dataset D, the policy generates an
output sequence 0 = (01, .. .,0|,|), Where |o| is the sequence length. Each token o; is regarded as an
action, and the entire sequence o corresponds to a trajectory. The probability of generating o under
policy 7y is:

|o|
mo(o] q) = [[ molor | ¢, 0<1).
t=1



Under review as a conference paper at ICLR 2026

Each (g, 0) pair receives a scalar reward r(q,0) € [0, 1] from a reward model r,. For importance
sampling (IS), we use the ratio:

7T9(0t ‘ (I70<t)
)= —————,
pt( ) 77901d(0t | q30<t)

where 7y, is the behavior policy. Advantage estimates A, represent the relative value of action o,
compared to the baseline.

2.1 PROXIMAL PoLICY OPTIMIZATION (PPO)

Proximal Policy Optimization (PPO) ( , ) is one of the most widely used policy
gradient algorithms for reinforcement learning, particularly due to its balance between performance
and stability. Instead of allowing unconstrained policy updates that may lead to performance col-
lapse, PPO introduces a clipped surrogate objective to stabilize training.

lo

Tero(0) = Eqmb, onsyy (o) | o0 > min (pe(0)Ar, clip(pe(0),1 — €1+ )4r) |, (1)
t=1

7o (0t]g,0<1)
014 (Oi |q;0<t)
The clipping operation constrains p;(#) within [1 — €, 1 + €], preventing excessively large policy
updates that could destabilize training, while still allowing sufficient exploration when the ratio
remains within the clipping bounds. This simple yet effective mechanism makes PPO a strong and
widely adopted baseline for reinforcement learning from human or synthetic feedback.

where p;(6) = is the token-level importance ratio and ¢ is the clipping hyperparameter.

2.2  GROUP RELATIVE PoLICY OPTIMIZATION (GRPO)

Group Relative Policy Optimization (GRPO) ( , ) equation 2 eliminates the need for a
separate value function by assigning group-relative advantages based on reward comparisons among
multiple responses sampled per query. The optimization objective is:

lo;]

1 . A . a
Zmln (pi,t(ﬁ)Ai,t, clip(pi,e(0),1 — €, 1+ E)Ai,t) )
t=1

[

. (@3]
where p; () is the importance ratio, and A; ; is the group-relative advantage computed from re-
ward comparisons within {o;}. By leveraging relative rewards within a sampled group, GRPO
avoids training an explicit value function while still providing informative, low-variance advantage
estimates.

G

1
Jarro(8) = IEqND, {oi Y ~vmogy G Z
i=1

2.3 GROUP SEQUENCE POLICY OPTIMIZATION (GSPO)

GSPO ( , ) equation 3 replaces token-level importance ratios used in GRPO with
a sequence-level ratio and clipping, directly comparing the likelihood of the entire output under
the new and old policies. This design provides a more stable optimization signal by avoiding the
compounding effect of token-level ratios.

Formally, the GSPO objective is:

G
1 . N . .
Tasro0) =B, p (016 nnyy, |G 2omin (s:(0) A, clip(si(0),1- 614+ 94) |, O
i=1
where the GSPO sequence-level importance ratio is defined as
(01 9) \
me(0; | q loi]
si(6) = () . 4)
T 014 (Oi | q)
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3 ALGORITHM

3.1 ECHO: EFFICIENT COARSE-GRAINED HYBRID OPTIMIZATION

We extend GRPO with batch-level stabilization, leading to our ECHO objective. For each token in
response o;, the token-level importance ratio is

o Oi; q, Oi,
pi,t(0) = (04 | <t) . (3)
014 (O’i,t | Q70i,<t)

3.2 BATCH-LEVEL CLIPPING AND EFFECTIVE TOKEN RATIOS
For a mini-batch of size B, let each output sequence be 0; = (01, .. ,oi}‘oi‘). The token-level
importance ratio is

779(01‘,t | Q7Oi,<t)
T0o1a (0it | @506 <t)

pit(0) = 6)

Batch-level average log-ratio. We compute the batch-level average log-ratio across all tokens in
the batch:

i=1 t=1

B |oil
Rbatch<9) - eXP( | | Z Z (10g o 01 t | q, 0 <t) 10g 7T001d (Oi,t | q, Oi,<t))>a (7)
z 1104

where B is the batch size and |o;| denotes the length of sequence i.

Clipped batch-level ratio. To stabilize optimization, we clip the batch-level ratio:
Ruaten(0) = clip( Roaen (0),1 = €, 1+ ¢, ®)

where ¢ is the clipping threshold.

Effective token-level ratio. The effective token-level ratio combines token-level signals with the
batch-level clipping:

~ Rbatch(e)
it(0) = pin(0)  5—— = 9
Pirl8) = pie6) Rpaten(0)1 ©)
(054 | 4,0i<) P (Rb‘“‘:h(o)’ 1-e1+ 6) (10)
B Weol(l(oiyt ‘ q, Oi,<t) Rbatch(e)]L
clip(expz i ZZ Jdogp;(60),1—¢€ 1+ e)
79 (0i 4 | q,0i <t)
7T901d( i 0i,<t) f
exXp Z 1 21 ¢ 1og i, +(0)
Finally, the ECHO optimization objective is
G ‘OLI A
Jecuo(9) =Eop, (0,16 ~m,,, [ | szm (pz #(0) Ay, clip(pie(0), 1—¢, 1+€) Ai,t)] ,
’L 1 Ol i=1 t=1
12)

where fli’t is the group-relative advantage as in GRPO equation 2, Rbateh(G) (batch-level clipping)
is defined in Eq. equation 8, and p; ;(¢) (ECHO effective ratio) is defined in Eq. equation
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3.3 ECHO GRADIENT DERIVATION

The ECHO optimization objective is

G o
Tecuo(0) = Eqp (0,36, o, | | Z lz: min (pl +(0) Ai v, clip(pi(8), 1—€, 14€) Azt)] )
Dis i los i=1 t=1 13
where p; (8) = pi(6) %.
In the unclipped region, the objective factorizes as Jrcuo(0) = E[C(0) - L(0)], where
o) = }Jm, (14)
_ % S pi(0)As. (15)
it

Applying the product rule and log-derivative trick yields the gradient:

VoJrcuo () =

sz t ( i,t + Rbdmh(g)) v@ IOg 770(01 t ‘ q, 0;, <t) (16)

where C'(6) and L(6) are defined in Eq. equation

Each token’s learning signal is modulated by the batch-level correction C(#) and weighted by
piﬂg(fli,t + L(0)/Rpaten(9)) in Eq. equation 16, which combines individual advantage-weighted
importance ratios with a p-scaled batch baseline to provide smoother and more stable gradient up-
dates. The detailed derivation is provided in Appendix

3.4 ECHO GRADIENT ANALYSIS: COARSE-TO-FINE CONTROL

The ECHO optimization objective is defined in Eq. equation 12, and its corresponding gradient in
the unclipped region is:

VeTecuo () =

0)
Z Pi, t ( it + Rbat(ch(e)) VG IOg 7T9(01 t | q,0; <t)

where C'(6) and L(#) are defined in Eq. equation

This gradient naturally decomposes into two interacting components, revealing a coarse-to-fine con-
trol structure:

1. Batch-level CLIP (Coarse-Grained Control) The batch-level correction factor

Rbatch (9)
Rbatch (G)T

is equal to 1 under normal circumstances, since the numerator and denominator are identical. Sepa-
rately, Batch-level CLIP is triggered only when the batch-level ratio Rpatcn(#) becomes excessively
large or small, reducing the overall gradient magnitude to prevent destabilizing updates.

C(h) =

In addition, the term L(6)/Rpatcn (6) in the gradient acts as a batch-level baseline adjustment, rep-
resenting the weighted average of token advantages. Adding this batch-average to each token’s
advantage stabilizes the overall gradient across the batch while preserving token-level differences.

2. Token-wise sampling (Fine-Grained Control) The token-level term

pit(0)A; 4
preserves fine-grained learning signals for each token. Each token’s contribution is weighted by

its individual importance ratio p; ;(6), ensuring that low-probability but informative tokens can still
effectively influence policy updates without being overshadowed by the batch-level adjustment.



Under review as a conference paper at ICLR 2026

By design, ECHO implements a principled coarse-to-fine gradient control: batch-level corrections
constrain the overall update magnitude, ensuring stability during training, while token-level signals
retain fine-grained credit assignment, allowing each token to influence updates according to its im-
portance. This architecture supports robust and efficient policy optimization in LLM reinforcement
learning, striking a balance between convergence reliability and precise exploration.

4 EXPERIMENTS

4.1 TRAINING SETUP

We conduct experiments on two backbone models: Qwen2.5-Math-7B ( , ;

, ) and Qwen3-30B-A3B ( , ).  The training dataset is
OpenR1-Math-46K ', which consists of diverse mathematical reasoning problems. For each
prompt, we sample a group size of 8 responses using vLLM ( , ) rollouts with tem-

perature 7' = 1.0 and top-p = 1.0. The maximum sequence length is set to 4096 tokens, with a
prompt budget of 1024 and a response budget of 3072. Overlong responses are truncated with a
buffer of 512 tokens and penalty factor 1.0 to prevent excessive truncation of informative context.

We train for 290 steps with a global batch size of 512 across 8 nodes (64 H20 GPUs in total). Each
update uses mini-batches of 64 prompts with micro-batch size 1 per GPU, enabled by dynamic
batch sizing to optimize GPU utilization. For both ECHO and DAPO, we set the dynamic sampling
batch size to be three times the training batch size, following standard practice to ensure sufficient
exploration during rollout.

For clipping, we maintain the same upper and lower thresholds across all experiments, ensuring
stability and comparability in the optimization process.

4.2 EVALUATION SETUP

We evaluate on nine widely used benchmarks, covering both in-domain mathematical reasoning and
out-of-domain (OOD) general reasoning tasks:

Mathematics benchmarks: ATME2024 ( , ), AIME2025 ( , ), AMC2023 (

s ), Math500 ( s ), OlympiadBench ( , ), and
Minerva ( , ).
OOD benchmarks: ARC-C ( , ), GPQA ( , ), and MMLU-Pro (

9 )'

For AIME2024, AIME2025, and AMC2023, we report results using avg@32, where accuracy
is averaged over 32 sampled generations per problem to reduce variance from stochastic sam-
pling. For all other benchmarks, we adopt the conventional pass@1 metric. We uniformly employ
math_verify to extract and evaluate the final answers across all benchmarks.

4.3 BASELINES

We compare ECHO against two categories of baselines: standard RL-based alignment methods and
RLVR-style approaches.

Standard Post-training Methods. We evaluate several mainstream post-training methods, using
the OpenR 1-Math-46K dataset with reasoning traces.
» SFT: supervised fine-tuning on the training set, serving as a non-RL baseline.

* GRPO ( , ): reinforcement learning with token-level importance ratios, where
per-sequence normalization is applied to reduce variance.

* GSPO ( , ): optimizing with sequence-level importance ratios, combined with
clipping to reduce variance.

"https://hf-mirror.com/datasets/Elliott/Openrl-Math-46k-8192
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* DAPO ( , ): Decoupled Advantage Policy Optimization, which separates advantage
estimation from policy updates, and employs dynamic sampling for improved stability.

* ECHO: our proposed Efficient Coarse-Grained Hybrid Optimization, combining batch-level
ratio clipping with token-level credit assignment, trained with dynamic sampling under the same
hyperparameter setup as DAPO.

Previous RLVR methods. We additionally benchmark against recent RLVR-based approaches

trained from Qwen2.5-Math-7B. Specifically, Simple-RL ( , ) applies rule-based re-
ward optimization with vanilla RL; Oat-Zero ( , ) modifies GRPO by removing the
standard deviation term in the advantage and skipping token-level normalization in the policy loss;
PRIME-Zero ( , ) introduces implicit process rewards by leveraging outcome supervi-
sion; and OpenReasoner-Zero ( , ) provides a recent open-source RLVR implementa-
tion.
Model AIME24/25 AMC MATH Minerva Olympiad ARC-c GPQA MMLU-Pro
Qwen-Math-7B 11.5/4.9 31.3 43.6 7.4 15.6 18.2 11.1 16.9
Qwen-Math-Instruct 12.5/10.2 48.5 80.4 32.7 41.0 70.3 24.7 34.1
Previous RLVR Methods
PRIME-Zero 17.0/12.8 54.0 81.4 39.0 40.3 73.3 18.2 32.7
OpenReasoner-Zero 16.5/15.0 52.1 82.4 33.1 47.1 66.2 29.8 58.7
Oat-Zero 33.4/11.9 61.2 78.0 34.6 43.4 70.1 23.7 41.7
SimpleRL-Zero 27.0/6.8 54.9 76.0 25.0 34.7 30.2 232 34.5

Standard Post-training Methods

SFT 22.2/22.3 52.8 82.6 40.8 43.7 75.2 24.7 42.7

GRPO 24.8/18.1 60.2 84.0 38.2 47.8 82.7 39.9 49.6

GSPO —/— - 29.8 15.8 8.6 72.0 29.3 30.3

DAPO 29.9/18.8 63.2 86.6 40.4 48.6 82.1 38.9 51.8
Our Methods

ECHO 34.1/16.0 62.9 84.6 40.1 49.6 85.2 424 51.6

Table 1: Comparison across six math benchmarks (AIME25/25, AMC, MATH, Minerva, Olympiad,
GPQA) and three OOD datasets (ARC-c, MMLU-Pro, GPQA). Bold numbers denote the best score
in each column, and underlined numbers denote the second-best. For GSPO, training suffered from
severe length collapse, so AIME and AMC scores are not available (‘).

5 EXPERIMENTS RESULTS

5.1 MAIN RESULTS

Performance. Table | presents results on six Math benchmarks and three OOD benchmarks
(ARC-c, GPQA, and MMLU-Pro). Overall, ECHO achieves competitive or superior performance
compared to all baselines. In particular, ECHO delivers strong gains on challenging datasets such as
AIME24, Olympiad, ARC-c, and GPQA, as shown in Figure 3, where it consistently establishes new
state-of-the-art results. On AMC and MATH, ECHO also shows solid improvements, remaining
competitive with DAPO. These results highlight that ECHO not only retains strong in-distribution
capabilities but also generalizes better to out-of-distribution tasks, achieving the best overall balance
among existing approaches.

Training Dynamics. In addition to final performance, ECHO exhibits stable and efficient training
dynamics, as illustrated in Figure 2. Across experiments, ECHO converges faster than GRPO and
DAPO, while avoiding the length collapse issue observed in GSPO. Notably, both policy entropy
and sequence length remain stable throughout training, indicating that the optimization process is
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neither overly aggressive nor prematurely collapsed. This stability allows ECHO to reach high-
performance plateaus more rapidly, while maintaining robustness against noisy or outlier updates.
Overall, the empirical evidence demonstrates that ECHO achieves both strong generalization and
reliable convergence, establishing a new performance frontier for reinforcement learning based post-
training methods.

5.2 RESULTS ANALYSIS

=
153
S

o 2 2 0.
5] 54 S
32 0.45 @ ;‘}
= ]
}: = 0.
0.40 :ﬂl <
035 50 100 150 200 250 50 100 150 200 250 50 100 150 200 250
Steps Steps Steps
(a) Overall Avg. (b) AIME (c) AMC
og o § 0.50
2 ] @
3 2 0. 2045
@ 0.7 < b
] o A
;‘t 0. = —— ECHO
0.6 © 2 040 —— GRPO
= —— DAPO
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250
Steps Steps Steps
(d) ARC (e) GPQA (f) Olympiad

Figure 2: (a) Line plots showing the overall average performance across nine benchmarks, including
both Math and out-of-distribution (OOD) tasks. ECHO consistently achieves higher or comparable
performance compared to GRPO and DAPO. Notably, ECHO reaches near-peak performance using
fewer than half the training steps of DAPO, demonstrating more sample-efficient learning. This
rapid convergence is evident across both in-domain Math datasets (e.g., ARC, AMC) and OOD
benchmarks (e.g., GPQA, Olympiad), highlighting ECHO’s ability to quickly adapt and stabilize
training across diverse tasks. Yellow stars indicate ECHO’s early high points, emphasizing that
strong performance is achieved well before the full training budget is used. Overall, the results
illustrate that ECHO not only accelerates learning but also maintains robust performance across a
wide range of benchmarks.

The superior performance and convergence efficiency of ECHO can be attributed to its carefully
designed optimization mechanism. By leveraging the mini-batch ratio instead of token-level or
sequence-level ratios, ECHO captures the overall likelihood shift between policies. This approach
reduces local variance and provides a more faithful reflection of policy distribution changes, prevent-
ing noisy updates that could destabilize training. Compared to GSPO, which applies sequence-level
importance sampling coefficients uniformly to each token, ECHO avoids the excessive pruning of
learning signals, as it computes clipping based on batch-level statistics. As a result, ECHO maintains
access to a larger fraction of informative samples, improving both stability and efficiency.

The batch-level clipping mechanism further stabilizes optimization by suppressing extreme updates
while preserving tokens with relatively stable probabilities across the old and new policies. In GSPO,
sequence-level clipping can still result in a large number of tokens being effectively ignored when
facing unstable sequences, whereas ECHO’s clip-at-batch approach ensures that individual token
updates are constrained only when truly necessary. This retains informative low-probability tokens,
maintaining access to subtle yet important signals and reducing variance accumulation across the
batch.

Although clipping is conducted at the batch level, ECHO preserves token-level learning signals.
Each token’s gradient is weighted according to its importance within the sequence rather than apply-
ing uniform treatment across the entire batch. This learn-by-token mechanism allows the model to
distinguish between different tokens even when using coarse-grained batch-level constraints. Con-
sequently, the model can capture fine-grained patterns, such as the role of numbers or logical sym-
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Figure 3: Performance of models across benchmarks. (a) Radar chart showing per-benchmark re-
sults. (b) Bar chart comparing model performance across benchmarks.

bols in equations, and dynamically focus on high-entropy tokens that carry richer information. The
gradual accumulation of these signals throughout training facilitates effective learning of complex
sequential structures.

In addition, batch-level reweighting introduces a smoothing effect that implicitly normalizes up-
dates, producing a more stable gradient distribution. By combining global stability with local flex-
ibility, ECHO mitigates the variance accumulation issues that GSPO faces under sequence-level
clipping, ensuring learning progresses efficiently while remaining sensitive to critical token-level
features.

Together, these design choices establish a clip-at-batch, learn-by-token paradigm. This mechanism
not only improves peak performance but also accelerates convergence, reduces the risk of losing
informative tokens, and achieves more reliable optimization compared to prior methods, explaining
the observed rapid and stable training dynamics.

6 CONCLUSION

We present ECHO, a coarse-grained hybrid optimization method designed to stabilize reinforcement
learning for large language models. By leveraging batch-level clipping, token-level learning signals,
and batch-level reweighting, ECHO effectively mitigates gradient noise and variance accumulation,
enabling faster convergence and higher peak performance. Extensive experiments across multi-
ple in-domain Math benchmarks and out-of-distribution reasoning datasets demonstrate that ECHO
consistently outperforms prior RL-based and post-training methods, highlighting its effectiveness in
both preserving strong in-distribution capabilities and improving generalization.

Beyond its immediate empirical benefits, ECHO offers promising potential for future applications
in large-scale model training. Its clip-at-batch, learn-by-token paradigm can be naturally integrated
into mixture-of-experts (MoE) training or other distributed RL frameworks, where stable gradient
propagation and token-level signal preservation are critical. Furthermore, ECHO’s ability to main-
tain high-entropy tokens and fine-grained sequence information suggests that it could facilitate more
efficient adaptation in multi-task and continual learning scenarios, making it a versatile tool for ad-
vancing LLM optimization.
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ETHICS STATEMENT

This work does not involve personally identifiable information or sensitive user data. All datasets
used are either publicly available or synthetically generated, and no private or proprietary data were
accessed. We are aware of potential ethical concerns in large language model training, including
fairness, bias, and misuse. To mitigate these risks, we carefully followed dataset usage licenses,
conducted filtering to remove toxic content, and restricted evaluation to research purposes. We
believe our contributions promote safe and responsible development of learning algorithms.

REPRODUCIBILITY STATEMENT

We have made extensive efforts to ensure the reproducibility of our work. All hyperparameters,
training details, and model architectures are fully described in the main text and appendix. We
additionally provide pseudocode and mathematical derivations of the optimization objective. Ex-
perimental results are averaged across multiple seeds, and evaluation datasets are standard public
benchmarks. Upon acceptance, we will release code, training scripts, and detailed instructions to
enable full replication of our experiments.

10



Under review as a conference paper at ICLR 2026

REFERENCES

Peter Clark, Isaac Cowhey, Oren Etzioni, Tushar Khot, Ashish Sabharwal, Carissa Schoenick, and
Oyvind Tafjord. Think you have solved question answering? try arc, the ai2 reasoning challenge,
2018. URL https://arxiv.org/abs/1803.05457.

Ganqu Cui, Lifan Yuan, Zefan Wang, Hanbin Wang, Wendi Li, Bingxiang He, Yuchen Fan, Tianyu
Yu, Qixin Xu, Weize Chen, Jiarui Yuan, Huayu Chen, Kaiyan Zhang, Xingtai Lv, Shuo Wang,
Yuan Yao, Xu Han, Hao Peng, Yu Cheng, Zhiyuan Liu, Maosong Sun, Bowen Zhou, and Ning
Ding. Process reinforcement through implicit rewards, 2025. URL https://arxiv.org/
abs/2502.01456.

DeepSeek-Al Deepseek-rl: Incentivizing reasoning capability in 1lms via reinforcement learning,
2025. URL https://arxiv.org/abs/2501.12948.

Chaoqun He, Renjie Luo, Yuzhuo Bai, Shengding Hu, Zhen Thai, Junhao Shen, Jinyi Hu, Xu Han,
Yujie Huang, Yuxiang Zhang, Jie Liu, Lei Qi, Zhiyuan Liu, and Maosong Sun. OlympiadBench:
A challenging benchmark for promoting AGI with olympiad-level bilingual multimodal scien-
tific problems. In Lun-Wei Ku, Andre Martins, and Vivek Srikumar (eds.), Proceedings of the
62nd Annual Meeting of the Association for Computational Linguistics (Volume 1: Long Pa-
pers), pp. 3828-3850, Bangkok, Thailand, August 2024. Association for Computational Linguis-
tics. doi: 10.18653/v1/2024.acl-long.211. URL https://aclanthology.org/2024.
acl-long.211/.

Dan Hendrycks, Collin Burns, Saurav Kadavath, Akul Arora, Steven Basart, Eric Tang, Dawn
Song, and Jacob Steinhardt. Measuring mathematical problem solving with the MATH dataset.
In Thirty-fifth Conference on Neural Information Processing Systems Datasets and Benchmarks
Track (Round 2),2021. URL https://openreview.net/forum?id=7Bywt2mQsCe.

Jian Hu, Xibin Wu, Wei Shen, Jason Klein Liu, Zilin Zhu, Weixun Wang, Songlin Jiang, Hao-
ran Wang, Hao Chen, Bin Chen, Weikai Fang, Xianyu, Yu Cao, Haotian Xu, and Yiming
Liu. Openrlhf: An easy-to-use, scalable and high-performance rlhf framework, 2025. URL
https://arxiv.org/abs/2405.11143.

Kimi Team. Kimi k1.5: Scaling reinforcement learning with llms. arXiv preprint arXiv:2501.12599,
2025.

Woosuk Kwon, Zhuohan Li, Siyuan Zhuang, Ying Sheng, Lianmin Zheng, Cody Hao Yu, Joseph E.
Gonzalez, Hao Zhang, and Ion Stoica. Efficient memory management for large language model
serving with pagedattention. In Proceedings of the ACM SIGOPS 29th Symposium on Operating
Systems Principles, 2023.

Aitor Lewkowycz, Anders Andreassen, David Dohan, Ethan Dyer, Henryk Michalewski, Vinay Ra-
masesh, Ambrose Slone, Cem Anil, Imanol Schlag, Theo Gutman-Solo, Yuhuai Wu, Behnam
Neyshabur, Guy Gur-Ari, and Vedant Misra. Solving quantitative reasoning problems with lan-
guage models. In Advances in Neural Information Processing Systems (NeurIPS) 35, 2022. URL
https://arxiv.org/abs/2206.14858. arXiv:2206.14858.

Jia LI, Edward Beeching, Lewis Tunstall, Ben Lipkin, Roman Soletskyi, Shengyi Costa Huang,
Kashif Rasul, Longhui Yu, Albert Jiang, Ziju Shen, Zihan Qin, Bin Dong, Li Zhou, Yann
Fleureau, Guillaume Lample, and Stanislas Polu. Numinamath. [https://huggingface.
co/AI-MO/NuminaMath—-CoT] (https://github.com/project—numina/
aimo-progress—-prize/blob/main/report/numina_dataset.pdf), 2024.

Zichen Liu, Changyu Chen, Wenjun Li, Tianyu Pang, Chao Du, and Min Lin. There may not be
aha moment in rl-zero-like training — a pilot study. https://catllm.notion.site/
oat-zero, 2025. Notion Blog.

MAA. American  invitational = mathematics examination -  aime. In
American Invitational Mathematics Examination - AIME 2024, Febru-
ary 2024. URL https://maa.org/math—-competitions/

american—-invitational-mathematics—examination—-aime.

11


https://arxiv.org/abs/1803.05457
https://arxiv.org/abs/2502.01456
https://arxiv.org/abs/2502.01456
https://arxiv.org/abs/2501.12948
https://aclanthology.org/2024.acl-long.211/
https://aclanthology.org/2024.acl-long.211/
https://openreview.net/forum?id=7Bywt2mQsCe
https://arxiv.org/abs/2405.11143
https://arxiv.org/abs/2206.14858
[https://huggingface.co/AI-MO/NuminaMath-CoT](https://github.com/project-numina/aimo-progress-prize/blob/main/report/numina_dataset.pdf)
[https://huggingface.co/AI-MO/NuminaMath-CoT](https://github.com/project-numina/aimo-progress-prize/blob/main/report/numina_dataset.pdf)
[https://huggingface.co/AI-MO/NuminaMath-CoT](https://github.com/project-numina/aimo-progress-prize/blob/main/report/numina_dataset.pdf)
https://oatllm.notion.site/oat-zero
https://oatllm.notion.site/oat-zero
https://maa.org/math-competitions/american-invitational-mathematics-examination-aime
https://maa.org/math-competitions/american-invitational-mathematics-examination-aime

Under review as a conference paper at ICLR 2026

MAA. AIME problems and solutions, 2025. URL https://artofproblemsolving.com/
wiki/index.php/AIME_Problems_and_Solutions.

OpenAl-Team. Openai ol system card, 2024. URL https://arxiv.org/abs/2412.
16720.

Qwen, :, An Yang, Baosong Yang, Beichen Zhang, Binyuan Hui, Bo Zheng, Bowen Yu, Chengyuan
Li, Dayiheng Liu, Fei Huang, Haoran Wei, Huan Lin, Jian Yang, Jianhong Tu, Jianwei Zhang,
Jianxin Yang, Jiaxi Yang, Jingren Zhou, Junyang Lin, Kai Dang, Keming Lu, Keqin Bao, Kexin
Yang, Le Yu, Mei Li, Mingfeng Xue, Pei Zhang, Qin Zhu, Rui Men, Runji Lin, Tianhao Li,
Tianyi Tang, Tingyu Xia, Xingzhang Ren, Xuancheng Ren, Yang Fan, Yang Su, Yichang Zhang,
Yu Wan, Yuqiong Liu, Zeyu Cui, Zhenru Zhang, and Zihan Qiu. Qwen2.5 technical report, 2025.
URL https://arxiv.org/abs/2412.15115.

Qwen Team. Qwen3 technical report, 2025. URL https://arxiv.org/abs/2505.09388.

David Rein, Betty Li Hou, Asa Cooper Stickland, Jackson Petty, Richard Yuanzhe Pang, Julien
Dirani, Julian Michael, and Samuel R. Bowman. GPQA: A graduate-level google-proof q&a
benchmark. In First Conference on Language Modeling, 2024. URL https://openreview.
net/forum?id=Ti67584b98.

John Schulman, Filip Wolski, Prafulla Dhariwal, Alec Radford, and Oleg Klimov. Proximal policy
optimization algorithms, 2017. URL https://arxiv.org/abs/1707.06347.

Rulin Shao, Shuyue Stella Li, Rui Xin, Scott Geng, Yiping Wang, Sewoong Oh, Simon Shaolei Du,
Nathan Lambert, Sewon Min, Ranjay Krishna, Yulia Tsvetkov, Hannaneh Hajishirzi, Pang Wei
Koh, and Luke Zettlemoyer. Spurious rewards: Rethinking training signals in rlvr, 2025. URL
https://arxiv.org/abs/2506.10947.

Zhihong Shao, Peiyi Wang, Qihao Zhu, Runxin Xu, Junxiao Song, Xiao Bi, Haowei Zhang,
Mingchuan Zhang, YK Li, Yang Wu, et al. Deepseekmath: Pushing the limits of mathemati-
cal reasoning in open language models. arXiv preprint arXiv:2402.03300, 2024.

Shenzhi Wang, Le Yu, Chang Gao, Chujie Zheng, Shixuan Liu, Rui Lu, Kai Dang, Xionghui Chen,
Jianxin Yang, Zhenru Zhang, Yuqiong Liu, An Yang, Andrew Zhao, Yang Yue, Shiji Song, Bowen
Yu, Gao Huang, and Junyang Lin. Beyond the 80/20 rule: High-entropy minority tokens drive
effective reinforcement learning for 1lm reasoning, 2025. URL https://arxiv.org/abs/
2506.01939.

Yubo Wang, Xueguang Ma, Ge Zhang, Yuansheng Ni, Abhranil Chandra, Shiguang Guo, Weim-
ing Ren, Aaran Arulraj, Xuan He, Ziyan Jiang, Tianle Li, Max Ku, Kai Wang, Alex Zhuang,
Rongqi Fan, Xiang Yue, and Wenhu Chen. MMLU-pro: A more robust and challenging multi-
task language understanding benchmark. In The Thirty-eight Conference on Neural Information
Processing Systems Datasets and Benchmarks Track, 2024. URL https://openreview.
net/forum?id=y10DM6R2r3.

An Yang, Beichen Zhang, Binyuan Hui, Bofei Gao, Bowen Yu, Chengpeng Li, Dayiheng Liu,
Jianhong Tu, Jingren Zhou, Junyang Lin, Keming Lu, Mingfeng Xue, Runji Lin, Tianyu Liu,
Xingzhang Ren, and Zhenru Zhang. Qwen2.5-math technical report: Toward mathematical ex-
pert model via self-improvement, 2024. URL https://arxiv.org/abs/2409.12122.

Qiying Yu, Zheng Zhang, Ruofei Zhu, Yufeng Yuan, Xiaochen Zuo, Yu Yue, Weinan Dai,
Tiantian Fan, Gaohong Liu, Lingjun Liu, Xin Liu, Haibin Lin, Zhiqi Lin, Bole Ma, Guang-
ming Sheng, Yuxuan Tong, Chi Zhang, Mofan Zhang, Wang Zhang, Hang Zhu, Jinhua Zhu,
Jiaze Chen, Jiangjie Chen, Chengyi Wang, Hongli Yu, Yuxuan Song, Xiangpeng Wei, Hao
Zhou, Jingjing Liu, Wei-Ying Ma, Ya-Qin Zhang, Lin Yan, Mu Qiao, Yonghui Wu, and Mingx-
uan Wang. Dapo: An open-source llm reinforcement learning system at scale, 2025. URL
https://arxiv.org/abs/2503.14476.

Weihao Zeng, Yuzhen Huang, Qian Liu, Wei Liu, Keqing He, Zejun Ma, and Junxian He. Simplerl-
zoo: Investigating and taming zero reinforcement learning for open base models in the wild, 2025.
arXiv preprint arXiv:2503.18892, 2025.

12


https://artofproblemsolving.com/wiki/index.php/AIME_Problems_and_Solutions
https://artofproblemsolving.com/wiki/index.php/AIME_Problems_and_Solutions
https://arxiv.org/abs/2412.16720
https://arxiv.org/abs/2412.16720
https://arxiv.org/abs/2412.15115
https://arxiv.org/abs/2505.09388
https://openreview.net/forum?id=Ti67584b98
https://openreview.net/forum?id=Ti67584b98
https://arxiv.org/abs/1707.06347
https://arxiv.org/abs/2506.10947
https://arxiv.org/abs/2506.01939
https://arxiv.org/abs/2506.01939
https://openreview.net/forum?id=y10DM6R2r3
https://openreview.net/forum?id=y10DM6R2r3
https://arxiv.org/abs/2409.12122
https://arxiv.org/abs/2503.14476

Under review as a conference paper at ICLR 2026

Chujie Zheng, Shixuan Liu, Mingze Li, Xiong-Hui Chen, Bowen Yu, Chang Gao, Kai Dang,
Yugiong Liu, Rui Men, An Yang, Jingren Zhou, and Junyang Lin. Group sequence policy op-
timization, 2025. URL https://arxiv.org/abs/2507.18071.

A APPENDIX

A.1 LLM USAGE

To enhance the clarity and readability of this manuscript, we employed large language models
(LLMs) for text refinement. Importantly, all technical content, experimental design, and results
were generated, verified, and interpreted solely by the authors. The use of LLMs was strictly limited
to language polishing and did not influence the scientific contributions of this work.

A.2 GRADIENT DERIVATION IN THE UNCLIPPED REGION

We recall the unclipped ECHO objective:

Fecno(®) =E[CO)LO)]. C0) = 7Tk 16) = 5 3 pis(0) A

where
7004, | 4,04,<¢)

914 (0irt | (I»Oz‘.,<t)7

Rbatch Z Pi, t 7 Pit 9) =

and N = Zil |o;| is the total number of tokens in the batch.

Product rule. Applying the product rule yields
VoJecro () = E[C(0) VeL(0) + L(0) VoC(0) .

First term: VyL(6). We compute the gradient of L(6):
VoL(0) = Vs | Zpu (17)

=5 Z At Vopii(6) (18)

To compute Vgp; +(0), note that 7y,_,, is constant with respect to 6:

old

m9(0it | q,0i <t)
TOo1a (Oi,t | q, 0i,<t)

1
= Vomo (i | 4;0i<t) (20)
Tho1a (Oiﬂf | Q7Oi,<t)

Vopii(0) = Vo (19)

Now applying the log-derivative trick Vgmy = 7y Vg log mp:

1

Vopi(8) = m9(04,¢ | 4, 0i,<¢) - Vologme(0s¢ | q,0i,<¢) 20

7T901d( i 0i,<t)
= 7000t [ 9:90<t) G oyo0moo4, | g,00c) (22)

7T901d( i Oi,<t)
= pit(0)Vologmg(0is | 4,04 <t) (23)

Therefore:

VoL(0) = ZALtpzt( ) Vologma(0is | q,0i <) (24)
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Second term: VyC(6). Since Rpaccn(#) is detached (stop-gradient), we have:

CORMAC Y @5)
= gy Vo Fbal0) 26)
S > rusl0) @)
Rbatch(‘g)T N4
Rbatch Rpaten(0)T N Z Vopsk( (28)
Using the same result as above for Vgp, 1.(6):
VoCl0) = 5t ¥ > uk(®)Votogmo(os 0,0, @9)
Note that § 3= ;. pj1(6) = Rbaten(6), s0:
VoC(0) = m * Rpaten(0) - ;]Jzk: Vologmo(0jk | ¢,05.<k) (30)
= m . %Zvo log e (04 | 4, 0j5,<k) (€29)
=C(0 N JZkVQ log mg(0j k| q,05,<k) (32)
Combined gradient. Substituting both components gives:
Vadscro(0) = E[C(0) 1 3 Aiepia(0) Volog mo(ois | 4,01.<0) (33
+ L(#) C(0) % Ek: Vo logmg(ojk | ¢, Oj,<k)‘| (34)
Js

Since the summation indices (7,t) and (j, k) both run over all tokens in the batch, we can combine
them:

1 A
) > (Ai,tpi,t(e) + L(G)) Vo logmo(oie | g, 0i,<t)‘| (35)

it

VoJrcuo(d) =E

Alternative compact forms. We can also express this as:

VoTecuo(d) =E

1 N
N R (07 ; pit(0) (Rbaten(0) Ai e + L(0)) Vo logma (o | ¢, 0i,<t)]

(36)

Or equivalently:

VoTecuo(0) =

L(#)
N sz t ( it + m) Vg log 779(01,:& ‘ q, Oz,<t)] 37
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Interpretation. Each token (7, t) contributes to the gradient with weight:

w0)= 0O 0+ )

This weight structure provides:
* Batch-level modulation: C(6) adaptively rescales updates according to the global policy
shift.

* Token-level importance: Each token contributes proportionally to its importance ratio
pi.+(0) and advantage A, ;.

* Variance reduction: The term L(6)/Rpatcn(6) acts as a batch-level baseline that reduces
gradient variance.

* Stability control: When Ryatch(60) grows large, C'(6) decreases in the clipped case, pre-
venting overly aggressive updates.
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